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5.24) farther apart along b. It had been suggested from far
infrared studies® that the C---Cl contact between the

(9) A.V.R.Warrier and S. Krimm, Macromolecules, 3, 709 (1970).
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above two chains might involve a C—H - . - Cl hydrogen-
bond-type of interaction. Our results indicate that this is
not the case, since this distance is a 4.71 A, compared to a
van der Waals contact distance of 4.1 A.
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ABSTRACT: Based on a simple model of molecular motion, the form factors in the quasielastic scattering of
laser light were calculated for flexible and stiff linear macromolecules. This result will play a role of a guiding
principle in the analysis of spectra composed of various modes of molecular motion.

Since the pioneering work of Pecora,?2 quasielastic scat-
tering of laser light has become a powerful tool for the dy-
namic study of macromolecules.?® Under a condition that
dK < 1 (where d is the representative linear dimension of
a scatterer such as the root-mean-square end-to-end dis-
tance of a chain, the length of a rod, and K is the absolute
value of the scattering vector), the main contribution to
the line broadening of light scattered from solutions of
macromolecules comes from the center-of-mass motion.
Therefore, measurements of spectral densities at dK < 1
give a translational diffusion coefficient.® This is one of
the most important merits of the technique. On the other
hand, if spectral densities can be measured under a condi-
tion of large dK, it will be found that the internal modes
of molecular motion (rotational,* stretching,5 bending®
etc.) contribute to the line broadening of scattered light.
Thus there is a possibility that we can obtain the rota-
tional diffusion coefficient of, and elastic constants of
stretching and bending of, a macromolecule in solution as
well as its translational diffusion coefficient. In decompo-
sition of a spectrum into components due to various
modes of motion, numerical values of scattering form fac-
tors at various values of dK must be known.”-10 Based on
a simple model of molecular motion,!! we present in this
paper the scattering form factors of chain molecules.

The Model

A brief summary of our treatment® is at first presented.
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Let a chain molecule be represented by a space curve,
r{x,t), where x is the contour length along the chain (0 <
x < L) and t is the time. The Langevin equation for the
Brownian motion of the molecule may be written as1?.12

pdr[3t? + Cor/dt + €dr/dxt — kI /dx? = A(x,t) (1)

where p is the linear density, { is the friction constant per
unit length, ¢ and x are, respectively, elastic constants of
bending and stretching of a chain and A(x,¢) is the fluctu-
ating force acting on the molecule. The elastic constants
have been given in terms of vy (the inverse of the statisti-
cal length) as??

¢ = 3kT[4y and « = 3kTyu(yL) (2)

where

p(yL) =[1 - (1 - e™Hjay L]
=1 (for yL >> 1) and 1/yL (for yL << 1) (3)

The end-to-end distance of the chain is given in terms of
v asl1-13

(R) = [exp(-2yL) - 1 + 2yL]/2y? (4)

When r(x,t) and A(x,t) are, respectively, expanded by an
orthonormal set {Q(n,x)} as

oot == Gibfens o
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Figure 1. (a, left) 8,L vs. yL. At vL < 1,8:L = 0. (b, right) 3D v, /L2 vs. yL.

the following relations hold
@V (n,x) — kQ%(n,x) — \Qn,x) =0 (6)

paln.t) + ¢qin.t) + Mgln,t) = Bn,t) (7)

where the Roman numerals mean the x derivatives and
dots the time derivatives. Equation 6 must be solved with
the free-end boundary condition

QM n,x) = eQM(n,x) - «Q(n,x) =0 at x = 0 and L (8)

We multiply eq 7 through by q(n,0) and take the time av-
erage

oa(n,0)q(n, t)) + {q(n,0)q(n,t) +
Mda(n,Ogln,t) =0 (9)

because q and B are uncorrelated.l* Here the angular
brackets mean

§r

S
(3()2(1)) = (3(s)2(s + £)) = lim §1§£S}f(s)z(s+t)ds (10)

where y(t) and z(¢) are arbitrary stochastic variables as a
function of time ¢. Since ({/p) > (An/{) for a long poly-
mer,% we find

(q(n,0)q(n,t)) = (q(n,0)q(n,0)) exp(—t/7,)  (11)

Tn = C/An (A’n # O) (12)
The mode belonging to A, = 0 is related to the transla-
tional Brownian motion and, for a rod, to the rotational
Brownian motion as well (see later). The elastic (poten-
tial) energy of the polymer in our model is derived from
eq 5, 6, and 8 as

1 L
(V) = <3f le(8r/dx2) +K(6r/3x)3§dx>
= vy
1
= 3 Z:M(q(n.0)q(n,0) (13

(14) C. Kittel, “Elementary Statistical Physics,” Wiley, New York, N. Y.,
1958, p 153.

By equipartition of energy we find from eq 13

(a(n,0)q(n,0)) = (g,9 = 3kT/A, A #0) (14)

The spectral density of scattered light is given by2e.4.8
® L
S(K,w) = f e’“’fdtff Jx, %', )dxdx’  (15)
. o

Jx,x' 1) = e PE exp[—(K2/6){(r(x,t) — r(x’,0)?)]
(16)15
K = (47 /N)sin(¢/2) an
where D is the translational diffusion coefficient, A is the
wavelength of the incident light in a medium, and ¢ is the
scattering angle.

Eigenvalue Problem
We define

{101(3} =[k/2 % {(k/ 2% + N/ ]2 a8)

where +« and =+i8 are the roots of the characteristic
equation to eq 6. Using eq 2 and 3, we find a relation

o - = (2y)ulyL) (19)

Then the eigenfunction may be written as

Q(n,x) = ¢; cos (Bx) + ¢, sin (Bx) + ¢, cosh (ax) +
¢, sinh (ax) (20)

where ¢;’s are constants. Insertion of eq 20 into eq 8 gives

(15) For simplicity, complete separation was assumed between the trans-
lational diffusive mode and the internal ones. Let z be r(z,t) —
r(x’,0), the correlation function J(x,x’,t) contains a factor, ({exp-
(iKz))sz»;,). If we assume that the polymer does not appreciably
change its orientation within the time interval of interest (see Discus-
sion), the average over orientation Q results in (sin (K|z|)/K|z|»z.
By expanding sin (K|z|)/K|z| into a Taylor series and taking a
Gaussian average with respect to {z}, we finally obtain

J(x,x’,t) = exp(—DK?t) exp(— K*(z2)/6)
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Figure 2. Pyy(X) vs. X¥'2 at vL >» 1. X = K2L?/6yL =
K2(R2)/8, - - - -; Pyo + Pso.

the following transcendental equation
1 — cos (BL) cosh (aL) +
(1/2)(y - 1/y) sin (6L) sinh (aL) =0 (21)

where y = (8/a)3. The nth root of eq 21, 8., gives the
eigenvalue

’:“n = eﬁn4 + K/Bn2 (22)

Figure la shows 8,L as a function of yL. It must be noted
that the doubly degenerated eigenvalue Ay = 0 for vL <« 1
(rod) splits into two different values: one is Ao = 0 and
the other A; = 0. From eq 2, 3, 12, and 22 the relaxation
time, 7., of the internal mode of motion is given by

Dz,JL* = (4yLi3)/[(8.L)" + (2yL)* (8.1 u(yL)] (23)

where D = kT/{L is assumed because { is defined as the
friction constant per unit length (Figure 1b). Eigenfunc-
tions will be

Q0,x) = (1/L)* {24)

Qn,x) = (ca/ L)"*{[cos (Bux) +(B8n/an)? cosh(a,x)] —

cos (8.,L) — cosh(a,L)
sin (BHL) - (an/,8n>3 sinh(anL)

(o, /8,y sinh (enx)l} = (cn/ L) *W(n,x) (25)

[sin(B.x) +

where ¢, is the normalization constant. The eigenfunction
€(0,x) belonging to the eigenvalue Ao = 0 is not in the
present interest, because this mode is related to the diffu-
sive motion of the center of mass of the molecule and has
been considered in eq 16 as exp(—DK?2t).

The following two limiting cases are of interest.
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Figure 3. Poy(B) vs. B¥2 at yL < 1. B = K2L2(yL), - - - -; Py +
Poy + Pyg.

i. yL > 1 (Coil). In this limit eq 22, 23, and 25 become
Ao =klnmll)2 (0 1,2,3,..) (26)

7, = (R?)/3Dmn? (27)

Q(nx) = (/L)' cos (nzx/L) = (2/L)"*f(n,x) (28)

ii. yL > 1 (Rod). In this limit we have
=0 (29)

An = eln = 1/2)7/L)*  (n: 2,3, 4,..) (30)

7, = 4L*yL)[3D7*(n - 1/2)* (31)
Q(1x) = (12/L°)*™*(L[2 - x) (32)

Q(n,x) = (eq 25 with ¢, = 1, &, = £,) B (1/L)"2g(n,x)
(33)

The eigenfunction @(1,x) belonging to A; = 0 is also not in
the present interest, because it should be related to the
rotational Brownian motion of a rod. This mode was ig-
nored so that only the initial random distribution of orien-
tation was taken into account in eq 16.

Scattering Form Factors

Equation 16 may be expanded in a Taylor series
J(x,x",t) = e DK exp[—(K%6) 2,/ (g, (Q(n,x)? +
Qn,x"))]Zx (1NY)[2(K*/6) x
2,(q,2Q(n,x) Q(n,x") exp(-t/r)]V (34)
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where the prime in the summation sign means the sum
over all n’s except for n = 0 (for YL > 1) or for n = 0 and
1 (for vL <« 1),

i. yL > 1. When only n = 1 and 2 are retained in
[+ +]¥ineq 34, we obtain

fj;L J(x,x’, t)dxdx’

L* 33 Puu(X)exp(—(DK® + N/7, +
N.M:even
M/7,)t] (35)%

J(K. t)

1

PA\'_\/(X) = W

(4X /)N X /7)Y X

[ L AL ) (2,0 exp|—(2X /703 Fln k) 02l dx F (36)
0

X = KLY/6vL (= KXR»/6) (37)
where eq 2, 3, 4, 26, and 28 were used and the integration
range was transformed to {0, 1]. The total scattering fac-
tor, P(X), has been given by Debye as!?

P(X) = 2[exp(-X) - 1 + X]/X? (38)

A machine computation of Pyy’s was carried out, taking
n in eq 36 up to 10 (Figure 2). Numerical values of Pgo
and Pjp below X1/2 = 2.6 completely coincide with Peco-
ra’s results.® The present calculation suggests that the
terms involving only r; are important,

ii. yL < 1. Since )\, is proportional to (n — %)%, only
the lowest mode (n = 2) is important.® Therefore, the
terms involving only 72 in eq 34 were retained

JUK.t) = L* ). Pyy(B)exp[—(DK? + M/1,)t] (39)
Mieven

Poy = (1/ MN(2BS(2)Y X
[fl g(2,x)Mexp{—BZn’S(n)g(n,x)g}dx:|- (40)
0

(n=2)
(41)18

B = K’L¥vL) and S(n) = 2/37% (n - 1/2)*

Equation 40 was calculated, taking n up to 5. The total
scattering form factor, P(B), was calculated by use of

P(B)Efflexpx
0

[=BZ. S(n){g(n,x) — gn,x' ) ]dxdx’ (42)

Figure 3 shows the calculated values of P(B) and
Poy(B)’s.

iii. Intermediate Range of yL. From Figure 1, we can
see that the rotational motion (the lowest order bending
motion) of a rod tends to the lowest order internal mode
(the next lowest order mode) of a Gaussian chain as yL

(16) Around x = I3, f(n,x)’s are odd (even) functions for odd (even) n’s
and further exp! -+« | in eq 36 is an even function. Therefore Pvp(X)'s
with odd N’s are zero, whereas those with even N’s are non-zero.
However Pyy(X)'s with even N’s and odd M's are usually small com-
pared to those with even N’s and M’s of the present interest. These
statements are also valid for eq 33 and 45 below.

(17) A. Peterlin in “Electromagnetic Scattering,” M. Kerker, Ed., Perga-
mon Press, London, 1963, p 358.

(18) Parameter B in ref 10 is different from the present B by a factor of
(%F374).
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Figure 4. Pxo(X) vs. X¥2at vL = 10. - - - -; Pyy + Pyo.

increases. Since we do not take into account the rotational
Brownian motion of a rod, we encounter a difficult prob-
lem how to treat A; and @(1,x) for vL < 1 (see Discus-
sion),

In calculating form factors, we have two possibilities in
choosing the parameter, B or X

)

Since the normalization constant, c,, in eq 25 depends on
vL, the form factors will be written as (cf. eq 36)

(K2/6)(g,?) = BY(n)L or XZ(n)L (43)

{(227/ P BLL + (Y LA8, LYy L)
(44)

Pyy(B) = _NTIM_' QY(D)e,BY2Y(2)e,B)Y X

l:fl R(Lx)NR(2,x)M exp{—BZn’cnY(n)h(n,x)g}de (45)
0 .

For Pvu(X), Y(n)B in eq 45 should be replaced by Z(n)X,
that is, B/X = 6(yL)2. The total scattering factor can be
calculated by use of eq 42, provided that g(n,x) and S(n)B
are replaced, respectively, by h(n,x) and by c¢,Y(n)B or
cnZ{n)X. A machine computation was carried out for vL
= 10 and 0.1 (Figures 4 and 5). It must be noted that the
relative difference

HQ(lsx)yL=o.1 - Q(l,x)YL«l’/Q(l,x)\

amounts to 0.04% at most, where Q(1,x),r-0.1 is given by
eq 25 with vL = 0.1 and Q(1,x),;<1 by eq 32. This
means that @(1,x) at vL = 0.1 may practically be regard-
ed as that of the rotational mode. Therefore, the n = 1
mode was omitted in the calculation of form factors at yL
=0.1.
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Figure 5. Pyy(B) vs. B2 at yL = 0.1. In this case, the n = 1
mode was omitted (see text). - - - -; Po2 + Pos + Poe.
Discussion

We have calculated the scattering form factors based on
a simple model. The limiting case of vL > 1 (coil) of our
model is equivalent to the so-called Rouse model (a bead-
and-spring model for a Gaussian chain). We find from eq
2, 3, 13, and 22 that the ratio of elastic energies due to
bending and stretching is given by

R, = e6,'[xB," = (8,1)*/(2yL)" u(yL) (46)

Thus one sees that By < 0.1 for vL = 5. This suggests
that the results in Figure 2 will qualitatively be valid for
vL down to 5, although they were calculated for yL > 1.
In fact, form factors for yL = 10 (Figure 4) are very simi-
lar to those for yL > 1 (Figure 2). The present results will
play a role of a guiding principle in the analysis of spectra
from linear aggregates as stiff as DNA, for example, whose
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v value has been reported to be about 15 ym-1.19 For
DNA with length L = 2 um, X/2 will amount to 3 and 4,
respectively, at ¢ = 65 and 100°, ’

On the other hand, the limiting case of YL < 1 (rod) of
our model is equivalent to the so-called Kratky-Porod
model for a stiff chain. In this case, the spontaneous
bending motion of a rod contributes to the broadening of
scattered light. Qur results (Figure 3) will play a role of a
guiding principle in the analysis of spectra from long, stiff
chain molecules. An experimental example will be found
in a previous paper,1° where the vL and L of the polymer
are, respectively, of the order of 10-2 and 10 ym. In the
limit of vL <« 1, the n = 1 mode is the rotational one. For
a very long rod, it may hold that 7 > 7> 7, (n = 2) (7,
rotational relaxation time, 7. coherence time of laser
light, 7 ~ 100 msec at best2%). Within the time interval
T of our interest (rc 3> T > 7, (n = 2)), orientation of the
rod is considered to be fixed. Therefore the neglect of the
n = 1 mode in eq 40 may be justified. From eq 46, it holds
that Rz = 10 for vL < 0.5. This suggests that the results
in Figure 3 will qualitatively be valid for vL up to 0.5.
Since 71 > 7¢ > 7, (n = 2) for a very long polymer with
small vL (Figure 1b), the same consideration as above
may allow us to neglect the n = 1 mode in eq 45. The re-
sults in Figure 5 (yL = 0.1) are similar to those in Figure
3. Our calculations for small yL are valid only for very
long polymers. Because of the weakness of the model, we
can say little about the scattering factors for yL near
unity.

The results presented here have been used as a guiding
principle in the analysis of spectra from solutions of bac-
terial flagella,’® and of muscle- and plasmodium-actin
polymers under various environmental conditions.2b.6.21-24
The present calculations qualitatively support the previ-
ous treatments. For a quantitative study of dynamics of
linear macromolecules by quasielastic light scattering, a
theoretical approach based on a more realistic model is
still necessary. '
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